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The formulae for pricing of financial derivatives have been derived 
under assumption that the price of underlying asset follows the stochastic 
process with some lower reflecting boundary. 
 
In the famous paper about the option pricing Black and Scholes (1973) 
had received a partial differential equation for the financial derivative prices, 
dependent on the price of stock, on which the dividends during contract term 
are not paid. The main sense of reasoning, which was used by the authors, is 
in that should be made a riskfree portfolio of two financial assets: a financial 
derivative and stock. Then the return of such portfolio is equated to the return 
received from the same on value of the investment at riskfree rate. In model 
Black and Scholes it is assumed, that the process of the price St of underlying 
financial asset follows geometrical Brownian motion derived by standard 
Wiener process Wt:  
 
dSt = µ St dt + σ  St dWt.                                                    (1) 
 
Such process St is unstable since its variance (at σ  > 0) and its expectation (at 
µ > 0) are infinitely increasing. Furthermore, the level St = 0 is “absorbing 
barrier” for this process, as falling on it the process remains zero during all 
subsequent time. These properties do it not to adequate actual conditions at 
problem solving of the permanently operational securities market. Therefore 
instead of such process for the description of change of the price of 
underlying financial asset Terpugov (2000) have offered to use “mean 
reverting square root process”, introduced in the practice of financial analysis 
in the known paper by Cox, Ingersoll, and Ross (1985) for the description of 
process of risk-free interest rate:  
 
dSt = k (θ  −   St) dt + σ   t Sd W t ,    St  ≥  0.                             (2) 
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Such process takes only non-negative values, and for it there are steady 
conditions with finite expectation and variance, and the level St = 0 is a 
reflecting boundary, as falling on this level the process with probability 1 
starts to be increased. At the same time more naturally to suppose, that lower 
boundary of change of the price of underlying financial asset can be not zero 
level, and some value, which one can essentially from zero differ. Therefore it 
is possible also to consider more general process, which had been described 
by Medvedev and Cox (1996) and from the practical point more conveniently 
to present in the form (it is offered by Ilieva (2000a)) 
 
dSt =  k (θ  −   St) dt  + 
x
x S
kD t
+
+
θ
2 dW(t) ,       St  ≥  −  х,        (3) 
 
where the parameters of model have following sense:  
х −  parameter determining the lower reflecting boundary of process St; 
θ  = Е{S}, D = vаr {S} −  expectation and variance of process St under 
steady-state regime;  
k > 0 factor which determines the speed of transition to steady-state 
regime; 
The difference of this model from model (2) is easy to see by 
comparison (2) and (3) and to set in (2) σ  =  ) ( 2 x kD + θ . The form of such 
representation is convenient, because the model is set by parameters having 
clear empirical sense. 
It should be note, that in Ilieva (2000a) use of this model for statistical 
analysis of US Treasury securities for long-term (from 10, 20, and 30 years) 
bonds since October 1993 till October 1996 has given following result: at 
mean yield about 7 % the level of a reflecting boundary was about 2 %. From 
here it is visible, that if the financial derivative is grounded on the bond yields 
then there is sense at definition of their prices to use model (3). The 
comparative analysis in details of probabilistic properties of models (2) and 
(3) is contained into Ilieva (2000b).  
Let's introduce following notations. 
V(S,  τ )  −  value of a financial derivative at time t, if the price of 
underlying financial asset observed at this time t is St = S, and the time to 
maturity τ  = T – t. T −  the date of maturity of the underlying financial asset. 
V(S, τ ) = 0 for all S ≤  0. 
Y(S, q) =  ∫
∞
−
0
) , ( τ τ
τ d e S V
q  – the Laplace transformation of a function 
V(S, τ ) on variable τ . According to properties of the function of value V(S, τ ),   3
we consider, that there are equalities Y(S,  q) = 0,  S q S Y ∂ ∂ ) , (  = 0 and 
2 2 ) , ( S q S Y ∂ ∂  = 0 for all S ≤  0.  
Z(р, τ ) =  ∫
∞
−
+ −
x
x S p dS e S V
) ( ) , ( τ  =  ∫
∞
− −
0
) , ( dS e S V e
pS px τ . 
z(р, q) =  ∫
∞
−
+ −
x
x S p dS e q S Y
) ( ) , ( =   ∫
∞
− −
0
) , ( dS e q S Y e
pS px . 
V0(S) = V(S, 0).      ∫
∞
−
+ − =
x
x S p dS e S V p z
) (
0 0 ) ( ) ( ∫
∞
− − =
0
0 ) ( dS e S V e
pS px . 
Thus the function V(S,  τ ), value of a financial derivative, can be 
calculated as the inverse Laplace transformation of a function Z(р, τ ) on a 
variable р.  
Using a routine method it is possible to receive following results for a 
case, when for no arbitrage opportunities the price of underlying financial 
asset changes according to model (3). Let financial derivative be the portfolio 
consisting partially of the bank account and partially of indicated above 
financial asset. Then in absence of arbitrage opportunities, the value of such 
financial derivative is determined by a partial differential equation with an 
boundary condition determining its value at maturity date V(S, 0) = V0(S): 
 
) , ( ) (
2 2
2 2
τ
σ
τ
S rV
dS
V d
x S
dS
dV
rS
V
= + + +
∂
∂
− . 
 
Here and hereinafter it is designated for brevity σ  
2 =  ) ( 2 x kD + θ . 
It should be note that  ) ( ) , (
) , (
0
0
S V q S qY d e
S V q − =
∂
∂
∫
∞
− τ
τ
τ τ  therefore 
equation for a function Y(S, q) looks like 
 
0 ) ( ) , ( ) ( ) (
2
0 2
2 2
= + + − + + S V q S Y r q
dS
dY
rS
dS
Y d
x S
σ
.                       (4) 
 
With allowance for that Y(S, q) = 0 and  S q S Y ∂ ∂ ) , (  = 0 for all S ≤  0, 
and also 
 
) , ( ) , 0 ( ) , (
) , ( ) ( q p pz q Y q p pz dS e
S
q S Y
x
x S p = − =
∂
∂
∫
∞
−
+ − ,   4
) , (
) , ( 2 ) (
2
2
q p z p dS e
S
q S Y
x
x S p =
∂
∂
∫
∞
−
+ − , 
p
q p z
p q p z px dS e
S
q S Y
S
x
x S p
∂
∂
− + − =
∂
∂
∫
∞
−
+ − ) , (
) , ( ) 1 (
) , ( ) ( , 
) , ( ) 2 (
) , ( ) , ( 2 ) (
2
2
q p pz px
p
q p z
p dS e
S
q S Y
S
x
x S p + −
∂
∂
− =
∂
∂
∫
∞
−
+ − , 
 
the equation for a function z(р,q) is obtained in the form  
 
) ( ) , ( ) 2 (
2
0
2 2
2
p z q p z rpx p r q
dp
dz
p rp = + + + +  


 


+ σ
σ
.      (5) 
 
The symmetrical form of a homogeneous equation (5) looks like 
 
dp
p rp
rpx p r q
z
dz
2
2
2 2
2
σ
σ
+
+ + +
− = , 
 
that it is possible to record as 
 
2 2 2
2 2
σ σ r p
dp
r
q rx
p
dp
r
r q
z
dz
+





 − −
+
− = . 
 
From here we obtain the solution of a homogeneous equation in the form 
 
C
r
p
r
q rx
p
r
r q
z ln
2
ln
2
ln
2
ln
2 2 + 










 + 




 − −
+
− =
σ σ
, 
 
i.e. if for brevity to put  а =  ) ( ) ( 2
2 kD x r r + = θ σ , then this expression can 
be written as 
 
r q
r q ax
p
a p
C z +
+ − +
= 2
) (
. 
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At last, considering a constant C dependent on р and substituting 
expression for z in this form in an inhomogeneous equation (5), we shall 
obtain a relation for determination of a function С(р): 
 
r q ax
r q
a p
p z p
r
a
dp
dC
+ −
+
+
= 1
0
1
) (
) (
. 
 
From here it is obtained immediately   
 
С(р) =  ∫ + −
+
+
p
r q ax
r q
dt
a t
t z t
r
a
0
1
0
1
) (
) (
. 
 
Thus, the solution of an equation (5) looks like 
 
z(р, q) =  ∫ −
−
+






+
+ +
p
ax
r q ax
a t
dt t tz
a t p
t a p
rp
a p a
0
1
0
2 ) (
) (
) (
) ( ) (
, 
 
where а =  ) ( ) ( 2
2 kD x r r + = θ σ . 
Now we shall recall that z(р, q) −  Laplace transformation of Y(S, q) on 
S, which one, in turn, is a Laplace transformation of V(S, τ ) on τ . A variable q 
in expression for z(р, q) meets only in a power of the integrand. Let's remark, 
that the Laplace transformation from an exponential function с
q is a delta-
function of Dirac, i.e. it is equal to δ (τ  + ln c). Therefore the inverse Laplace 
transformation of a function z(р, q) on q looks like 
 
Z(р, τ ) =  ∫ −
−
+  


 








+
+
−
+
p
ax
ax
a t
dt t tz
t a p
a t p
r rp
a p a
0
1
0
2 ) (
) (
) (
) (
ln
1 ) (
τ δ .     (6) 
 
At change of variable of integrating with t on и =  





+
+
) (
) (
ln
1
a p t
a t p
r
  the 
expression (6) for Z(р,τ ) will be converted to the form  
 
() du
ae e p
ap
z
ae e p
e a p r p a
u
rp
a p a
ur ur ax ur ur
urax ax ax ax
 


 


+ − + −
+
−
+
∫
∞
+
+ −
) 1 ( ] ) 1 ( [
) ( ) (
0
0
2
2 1
2 τ δ . 
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According to properties of a delta-function at a positive time to maturity τ  > 0 
integrals in expression (6) easily are calculated, and the inverse Laplace 
transformation of a function z(р, q) on a variable q becomes 
 
Z(р, τ ) = 
ax r e
τ
 


 


+ −  


 


+ −
+
τ τ τ τ r r
ax
r r ae e p
ap
z
ae e p
a
) 1 ( ) 1 (
0
2
.   (7) 
 
From these three multipliers of a right hand member (7) two former 
depend from х that reflects influence of properties of model (3). Naturally that 
at х = 0 differences between models (3) and (2) vanish and the difference (7) 
from Terpugov’s results vanish also.  
The values of parameter х that has practical sense (i.e. ensuring a non-
negativity of price St) take values into interval (− θ  , 0). Let's remark also, that 
the level St = х is a reflecting boundary (see Ilieva (2000a)) only then, when 
the additional condition (θ   + х)
2 > D is applied. At х = 0 it is applied when 
the standard deviation of the price of asset is less than its mean value (that in 
practice will be usually always is applied). Therefore when  0 < < − x D θ  
then there is some "niche" for application of model (3) for determination of 
the financial derivative prices. 
Let's give some examples of use of the approach described for 
determination of the prices some financial derivative. As it is known, the 
functions of payments for futures and European call options look like 
respectively V0(S) = S −  K  and  V0(S) = max{0, S −  K}, where K is the strike 
price of the contract. For Laplace transformations of these functions 
respectively we have equalities 
 
px e
p
K
p
p z
−
 


 


− = 2 0
1
) ( ,      
) (
2 0
1
) (
x K p e
p
p z
+ − = .                   (8) 
 
Substituting these functions in (7), we shall receive in case of futures 
 
ZФ(р, τ ) = 
A p
AB ax r ax
B e
A p
A
p
Ke
A p
A
p
e
+
+ −
−
Φ
Φ














+
− 





+
1
2
1
τ
,    (9) 
 
where it is designed  А =  ) 1 ( −
τ τ r r e ae , ВФ =  ) 1 ( −
τ r e ax , and in European 
case of call options  
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ZОК(р, τ ) = 
A p
AB ax
B e
A p
A
p
e
+ −
ΟΚ
ΟΚ 





+ 2
1
,                                  (10) 
 
where ВОК =  ) 1 ( ) ( − +
τ r e K x a . 
For obtaining the inverse Laplace transformations of functions ZФ(р, τ ) 
and  ZОК(р,  τ )  it is possible to use the known formulae for inverse 
transformations 
 
If  f(S)) (p g ⇔  then  ) ( ) ( p g e A S f
pA − ⇔ + , 
 
∫∫ ∫ ∫∫
−
≡ ⇔
S t
n n
t SS
n
n
n
dt t f dt dt dt t f p g
p 00 0
2 1
00
1 1
) ( ... ) )( ( ... ) (
1
, 
 
) ( 1 S δ ⇔ ,    1
1
⇔
p
,    S
p
⇔
2
1
, 
 
() S I
S p
α
α α
2 1 exp 1
2 1





 ⇔ −  


 


, 
 
() S I
S
p p
v
v
v α
α
α
2 exp
1
2
1 




 ⇔  


 


+ ,   1 − > v . 
 
Using these relations from (9) it is possible to obtain the formula for price of 
futures in the form 
 
∫ Φ
−
−
Φ
− −
Φ − − +  


 


= Φ
AS
ax
r
ax
B t dt t B I t AKe AS
B
t
e
A
S V
0
2
1
. ) 2 ( ) 1 (
1
) , (
τ τ   (11) 
 
The cost of call option for ах > 0 is obtained from (10) in the form 
 
∫ ΟΚ −
−
ΟΚ
− −
ΟΚ −  


 


= ΟΚ
AS
ax
ax
B t dt t B I t AS
B
t
e
A
S V
0
1
2 / ) 1 (
) 2 ( ) (
1
) , ( τ .      (12) 
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